Abstract. For multiplicities arising from a family of ideals we provide a general approach to transformation rules for a ring extensionétale in codimension one. Our result can be applied to bound the size of the localétale fundamental group of a singularity in terms of F-signature, recovering a recent result of Carvajal-Rojas, Schwede, and Tucker, and differential signature, providing the first characteristicfree effective bound.
Introduction
The F-signature, s(R), of a local ring (R, m) of positive characteristic is a natural invariant derived from the Frobenius endomorphism. There were several notable steps in the theory of F-signature. Its first traces appear in work of Kunz [Kun69] and in [SVdB97] by Smith and Van den Bergh. The definition was formally introduced by Huneke and Leuschke in [HL02] , while Tucker showed that it is given by a convergent sequence, see [Tuc12] . Aberbach and Leuschke in [AL03] showed that F-signature detects strong F-regularity. This present paper was motivated by a recent application of F-signature obtained by Carvajal-Rojas, Schwede, and Tucker in [CRST18] where it was shown that the size of the localétale fundamental group of a strongly F-regular singularity is at most 1/ s(R).
The motivation for this result came from a question of Kollár [Kol11] , who asked whether the local fundamental group of the germ of a Kawamata log-terminal (KLT) singularity is finite, and a partial answer by Xu [Xu14] , who showed that the locaĺ etale fundamental group of a KLT singularity is finite. The KLT singularities are tightly connected with F-regular singularities in positive characteristic [HW02] , thus Carvajal-Rojas, Schwede, and Tucker provided an effective positive characteristic analogue of Xu's result. Bhatt, Gabber, and Olsson [BGO17] showed that Xu's result can be reproved by reduction to positive characteristic, but this proof does not give an explicit bound as in [CRST18] . Hence it is natural to further search for a direct effective version of Xu's theorem.
A natural tool for such a proof would be F-signature in characteristic zero, a conjectured invariant defined as a limiting value of reductions mod p. However the existence of such invariant seems to be a very hard problem, so instead we opt to use differential signature. The differential signature of a local K-algebra R, denoted s diff K (R), is a characteristic-free invariant recently introduced by Brenner, Núñez-Betancourt, and the first author in [BJN18] . A notable aspect of differential signature is that its nonvanishing is closely related to the KLT property of singularities. However, it remains open whether differential signature is positive for all KLT singularities.
Differential signature is not the only invariant aiming to fill the gap in characteristic zero; the symmetric signature of Brenner and Caminata [BC17, BC19] and normalized volume of a singularity defined by Li [Li18, LLX18] are other numerical invariants in characteristic zero that share some important properties with F-signature. The key aspect of the proof given by Carvajal-Rojas, Schwede, and Tucker is a transformation rule for F-signature under a local map R → S that is finiteétale in codimension one. Following the approach in [CRST18] and keeping these invariants in mind, we set a general framework for a transformation rule to hold. We refer the reader to Section 2 for the precise hypotheses of the theorem below.
Theorem A (Theorem 2.9). For a class of numerical multiplicities s ⋆ (R) on local rings R that includes differential signature and F-signature, the following holds:
If (R, m, k) ⊆ (S, n, l) are local excellent normal Henselian domains and the inclusion map splits as R-modules and isétale in codimension one, then
where [S : R] denotes the rank of S as an R-module.
The class of numerical multiplicities in the theorem consists of numerical multiplicities computed by a sequence of ideals, and this framework allows us to treat F-signature and differential signature uniformly. However, it is yet not clear whether the other two invariants mentioned above can be computed in this way.
As a consequence of this theorem, we can show that differential signature gives characteristic-free bounds on localétale fundamental groups.
Theorem B (Theorem 4.6). Let (R, m, k) be the Henselization of a local ring essentially of finite type over a separably closed field K ∼ = k. Suppose that R is a normal domain of dimension at least two. If K has positive characteristic, assume also that R is F -pure.
If the differential signature of R is positive, then the order of theétale fundamental group of the punctured spectrum πé t 1 (Spec • (R)) is bounded above by 1/ s diff K (R) < ∞. We note that while differential signature is known to be positive for large classes of KLT singularities, it remains open whether it is positive for all KLT singularities.
It should be noted that the transformation rule of [CRST18] and its application were further generalized in a different direction in [CR17] . These generalizations are based on a different conceptual understanding of F-signature via Frobenius splittings and heavily exploit the Frobenius endomorphism. Thus we do not know whether our approach can be extended to this level of generality.
Natural multiplicities
In this section, we define the properties of asymptotic multiplicities that we use to prove the transformation rule for module-finite maps.
Definition 2.1.
• In this paper, by a family of ideals in a ring R, we mean a sequence I • of ideals indexed by an infinite subset Λ ⊆ N. We may say that I • is indexed by Λ.
• An assignment of a family of ideals, A, consists of a subcategory R of the category of rings, an infinite subset Λ ⊆ N, and a rule that assigns to each R ∈ R a family of ideals A(R) • indexed by Λ.
Example 2.2. A few assignments of families of ideals that have been of interest in local algebra include:
• Powers of m: On the category of local rings, the rule P that assigns to each local ring (R, m) and integer n the nth power of the maximal ideal P(R) n := m n .
• Frobenius powers of m: On the category of local rings of characteristic p > 0, the rule FP that assigns to each local ring (R, m) of characteristic p > 0 and power q = p e of p the qth Frobenius power of the maximal ideal,
• Differential powers of m: On the category of local K-algebras for a field K, the rule DP that assigns to each local ring (R, m) and integer n the nth differential power of the maximal ideal
R|K denotes the K-linear differential operators on R of order at most n − 1, in the sense of Grothendieck [Gro67, §16.8]. We refer the reader to [DDSG + 18, §2.1] and [BJN18, §3] for an introduction to differential powers of ideals.
• Splitting ideals: On the category of local rings of characteristic p > 0, the rule SI that assigns to each local ring (R, m) of characteristic p > 0 and power q = p e of p the qth splitting ideal,
R denotes the set of Cartier maps of level e or p −e -linear maps on R. If R is reduced, we may identify C q R with Hom R (R 1/q , R). We refer the reader to [BS13] for an introduction to p −e -linear maps. We note here that our choice of indexing (by q rather than e) is nonstandard. Example 2.5. Many of the multiplicities of interest in local algebra are defined as multiplicities associated to assignments of families of m-primary ideals. In particular, by definition, we have:
• Hilbert-Samuel multiplicity: e(R) := 1 dim(R)! e P (R).
• Hilbert-Kunz multiplicity: e HK (R) := e F P (R).
• Differential signature:
We note that the definition of F-signature here is not the original definition of Huneke and Leuschke in [HL02] but originates from [Yao06, Lemma 2.1], [AE05, Corollary 2.8]. We refer the reader to [Hun13] for a survey on Hilbert-Kunz multiplicity and F-signature, and to [BJN18] for the definition and basic properties of differential signature.
We now collect some natural properties of multiplicities that the differential signature and F-signature enjoy; verifications are left to Section 4. Definition 2.6. Let R be a subcategory of the category of rings. An ideal I ⊆ R is characteristic in R if for every automorphism φ ∈ Aut R (R), one has φ(I) ⊆ I.
Definition 2.7. Let I • be a family of ideals in a local ring (R, m). We say that I • is bounded if there exists some C > 0 such that m Cn ⊆ I n for all n ∈ Λ.
Definition 2.8. Let R be a subcategory of the category of rings, and A be an assignment of ideals on R. Let φ : R → S be a map in R. We say that A satisfies the intersection property for φ if A(R) n = φ −1 (A(S) n ) for all n ∈ Λ.
Given these definitions, we can state our main transformation rule.
Theorem 2.9 (Main Transformation Rule). Let R be a subcategory of the category of rings. Let A be an assignment of families of ideals on R such that
• A(R) n is characteristic in the category R for all R ∈ R and all n ∈ Λ, • A(R) is bounded for all R ∈ R, • A satisfies the intersection property for every morphism in R that is finite, split, andétale in codimension one.
Let (R, m, k) and (S, n, l) be local excellent normal Henselian domains in R. If there is a finite local map in R from R to S that splits as R-modules and isétale in codimension one, then
, where [S : R] denotes the rank of S as an R-module.
We will see in Section 4 below that differential signature and F-signature satisfy the hypotheses of this theorem. Observe that powers and Frobenius powers of m in a local ring (R, m) are characteristic ideals, and that the families of powers P(R) n and Frobenius powers FP(R) q := m [q] are bounded. However, the intersection property for maps that are finite, split, andétale in codimension one fails for both, e.g., for the inclusion F p x 2 , xy, y 2 ⊆ F p x, y .
We give the proof of this result, after a collecting a few preliminary lemmas, in the next section.
Proof of main transformation rule
We first focus on one inequality in the statement of Theorem 2.9. We first recall the following lemma.
Lemma 3.1. Let (R, m, k) be a local domain of dimension d and N be a finitely generated torsion R-module. Then, for any constant k there is a constant C such that for any n > 0 and any ideal with m kn ⊆ I, one has
Proof. This is essentially [Hun13, Lemmas 3.5 and 3.6].
The next statement is one of the two inequalities in Theorem 2.9.
Lemma 3.2. Let A be an assignment of families of ideals and (R, m, k) → (S, n, l) be a local map of domains that satisfies the intersection property for A. Then
Proof. The proofs will be identical for e + A and e − A , so we will use the symbol e A to denote either.
There is a short exact sequence of R-modules 0 → F φ → S → T → 0, where T is a torsion module and F is a free module of rank [S : R]. This gives for each i a short exact sequence
Since φ is R-linear and R → S satisfies the intersection property,
Furthermore, from the same exact sequence we obtain that
Because A is bounded, it follows from Lemma 3.1 that
and the claim follows after passing to the limit.
See also [Tuc12, Corollary 4.13] for a result similar to the above for F-signature. We now pursue the other inequality. We will employ the trace map associated to a finite field extension. To begin, we will recall some basic properties of the trace map.
Lemma 3.3. Let (R, m, k) → (S, n, l) be a module-finite inclusion of local domains, with fraction fields K, L, respectively.
(1) The following is evident from the Lemma above.
Corollary 3.4. Let (R, m, k) → (S, n, l) be an integral inclusion of normal local domains, with fraction fields K, L, respectively. If the inclusion is split andétale in codimension one, then there is a unit u ∈ S such that Tr L/K (u−) is a splitting of the inclusion.
Lemma 3.5. Let (R, m, k) → (S, n, l) be an integral inclusion of normal local domains with fraction fields K, L, respectively.
(1) If L/K is Galois and J is a characteristic ideal in S, then Tr L/K (J) ⊆ J ∩R.
(2) Let M be the Galois closure of L/K, and T be the integral closure of S in M . Suppose that T is local, and that there is a unit u ∈ T such that Tr M/L (u−) is a splitting of the inclusion of S into T . Let J ⊆ S be an ideal, and suppose that there is a characteristic ideal
Proof.
(1) For j ∈ J, by Lemma 3.3(3), we have that
, and since J is characteristic, g(j) ∈ J for each g, so Tr L/K (j) ∈ J. By Lemma 3.3(4), we also have Tr L/K (j) ∈ R.
(2) For j ∈ J, by Lemma 3.3(2), we can write
Applying the first part of the Lemma, we have
Lemma 3.6. Let R ⊆ S be an integral extension of normal domains that isétale in codimension one. Let K, L be the fraction fields of R, S, and T be the integral closure of S in the Galois closure of L/K. Then S ⊆ T isétale in codimension one.
Proof. By localizing at height one primes and completing, this reduces to the claim that if R (respectively, S) is the valuation ring of a local field K (respectively, L), and S isétale over R, then the valuation ring of the Galois closure of L/K isétale over R. This follows from the fact that theétale property for valuation rings of local fields is preserved under taking the compositum of field extensions [Neu99, Corollary 7.3].
Now we can prove our main theorem.
Proof of Theorem 2.9. Since R and S are excellent and Henselian local rings, the integral closure T of S in the Galois closure of the fraction fields is module-finite over S, and hence is a direct product of local rings; since T is clearly a domain, it thus is local. By Lemma 3.6 and the intersection property, A(T ) n ∩ S = A(S) n . By Corollary 3.4, the hypotheses of Lemma 3.5(2) are satisfied, so Tr L/K (A(S) n ) ⊆ A(R) n . By Corollary 3.4 we obtain the other containment
There is a short exact sequence of R-modules 0 → S Tr L/K (A(S) n ) for all n. Thus, for each n, there is a short exact sequence
As in the proof Lemma 3.2, Lemma 3.1 shows that
so, after passing to the limit and using that
But the converse is Lemma 3.2 and the assertion follows.
Applications
Now we present applications of our main theorem to localétale fundamental groups of singularities. Our treatment follows ideas of [CRST18] . We refer to [Mil80] and [CRST18] for an introduction to localétale fundamental groups.
First, we aim to show that differential signature and F-signature satisfy the hypotheses of Theorem 2.9. The next two lemmas address two of these conditions. Lemma 4.1.
(1) Let (R, m, k) be a local K-algebra with pseudocoefficient field K. The ideals m n K are characteristic in the category of local K-algebras.
(2) If R is a local ring containing a field of positive characteristic, then the ideals I q (R) are characteristic in the category of local rings.
Proof. Let φ : R → R be a K-linear local automorphism. First, we claim that
For an element x ∈ R, we write x ∈ D 0 R|K for the operator of multiplication by x. We observe:
The claim then follows from induction on the order of a differential operator. Now, let f ∈ m n K , and δ ∈ D n−1
We argue similarly for I q (R). Note that any automorphism φ of R extends uniquely to an automorphism φ of R 1/q by the rule φ(r 1/q ) = φ(r) 1/q . We claim
, and ψ ∈ Hom R (R 1/q , R). To see that φ(f ) ∈ I q (R), consider ψ(φ(f ) 1/q )). Write ψ = φ • η • φ −1 ; we have η ∈ Hom R (R 1/q , R) by the previous claim. Then,
Lemma 4.2. Let (R, m, k) → (S, n, l) be a local map of normal domains that is split andétale in codimension one, and let K ⊂ R be a field.
(1) Differential powers satisfy the intersection property, i.e., m n K = R ∩ n n K for all n. (2) Splitting ideals satisfy the intersection property, i.e., I q (R) = R ∩ I q (S) for all q = p e .
Proof. The first part is [BJN18, Proposition 6.14]. The second proceeds along the same lines as ibid. By [ST14, Lemma 3.5, Corollary 3.7], every Cartier map on R extends to S, and since R is a direct summand of S, every Cartier map on S restricts to R. Thus, for f ∈ R, we have that f / ∈ I q (R) if and only if there is some φ ∈ C q R s.t. φ(f ) = 1, which happens if and only if there is a ψ ∈ C q S such that ψ(f ) = 1, which in turn is equivalent to f / ∈ I q (S).
We can now apply Theorem 2.9 to differential signature and F-signature.
Theorem 4.3. Let (R, m, k) → (S, n, l) be a finite local map of normal Henselian domains that is split andétale in codimension one.
(1) If R and S are algebras with a pseudocoefficient field K, then we have
Proof. As m n ⊆ m n and m [q] ⊆ I q (R) for all local rings (R, m) (of positive characteristic, in the latter case), differential signature and F-signature are bounded. The theorem then follows from Theorem 2.9.
Remark 4.4. We recall that the Henselization R h of a local ring (R, m) can be constructed as follows; see [Ray70, Thèoréme 1]. We consider the category of pairs (S, n) where R → S isétale, n ∩ R = m, and k(n) = k(m). Then R h = lim − → S with morphisms given by dominance at n.
Lemma 4.5. Let R be a local algebra essentially of finite type over a field K, and suppose that R contains a coefficient field. Then
First, we note that the natural map R → R h is formallyétale as a colimit of etale algebras [Sta18, Lemma 07QN], and the modules of differentials of R are finitely presented. Thus the natural map
is an isomorphism for all n by [Mas91, 2.2.10]. We note also that every ideal primary to the maximal ideal of the Henselization is expanded from R, since the map R → R h is an isomorphism [Sta18, Lemma 06LJ]. The same argument as in [BJN18, Lemma 3.11] then shows that (mR
We apply Theorem 4.3 to give an effective bound forétale fundamental groups of punctured spectra.
Theorem 4.6 (Bound on localétale fundamental groups). Let (R, m, k) be the Henselization of a local ring essentially of finite type over a separably closed field K ∼ = k. Suppose that R is a normal domain of dimension at least two. If K has positive characteristic, assume also that R is F -pure.
If the differential signature of R is positive, then the order of theétale fundamental group of the punctured spectrum πé t 1 (Spec • (R)) is bounded above by 1/ s diff K (R) < ∞. Proof. This follows from Theorem 4.3 along the same lines as [CRST18, Theorem A]. In particular, as in ibid., it suffices to show that if (R, m, k) → (S, n, l) is modulefinite andétale on the punctured spectrum, then [S : R] ≤ 1/ s diff K (R). Observe that if (R, m, k) → (S, n, l) is module-finite, then it splits as R-modules: if K has characteristic zero, the trace map yields a splitting, while if R has positive characteristic, then R is strongly F -regular, since R is F -pure and has positive differential signature [BJN18, Theorem 5.17], and hence is a direct summand of any module-finite extension.
Furthermore, k → l is an isomorphism: this is algebra-finite, hence module-finite; in characteristic zero k is algebraically closed, and in positive characteristic, by [CRST18, Lemma 2.15] the map is separable, hence an isomorphism. By Theorem 4.3, for such an S, we have [S : R] < s diff K (S)/ s diff K (R). We claim that S as above can be realized as the Henselization of a local algebra V essentially of finite type over a field K that contains K. Write R = T h with T essentially of finite type over the coefficient field K. By the module-finite hypothesis, we can write S = t i=1 Rs i for some finite set of elements s i ∈ S, with the algebra structure given by the rules s i s j = t m=1 r ijm s m . By the construction of Henselization there exists some local ring U such that U is essentially of finite type over K, T ⊆ U ⊆ R, U isétale over T , and all of the elements r ijm lie in U . Now, let V = t i=1 U s i ⊆ S. We then have V ⊗ U R ∼ = S, and it follows that S is the Henselization of V , as claimed. We can then apply Lemma 4.5 to find that s diff K (S) ≤ 1. The theorem then follows.
Corollary 4.7. Let X be a normal complex variety of dimension at least two, and x ∈ X. Let R = O h X,x . Then, |πé t 1 (Spec • (R))| is bounded above by 1/ s diff K (R). The finiteness statement under the hypothesis that R has KLT singularities in characteristic zero was first shown by Xu [Xu14] , and extended by [BGO17] . The effective bound in positive characteristic, with F -signature in place of differential signature, was shown by [CRST18] .
Remark 4.8.
( [Blu18] the normalized volume can be computed as the volume of a single valuation, so it is also a multiplicity associated to a family of ideals. (4) In the classes of examples R for which differential signature and F-signature are both known in characteristic p, the inequality s diff K (R) ≤ s(R) holds, so that the latter gives stronger bounds on the localétale fundamental group. We do not know whether this inequality holds in general. (5) There are other interesting asymptotic multiplicities of singularities that are known to satisfy the transformation rule in special cases, for example, the syzygy symmetric signature and the differential symmetric signature of Brenner and Caminata [BC17, BC19] . We do not know a description of these as multiplicities associated to assignments of ideals. It is natural to ask whether these numerical invariants also fit into the hypotheses of Theorem 2.9. (6) We note that conclusion of Theorem 4.6 holds for a multiplicity satisfying the hypotheses of Theorem 2.9 if the analogue of Lemma 4.5 holds for this invariant.
Examples
We now give a couple of examples to illustrate that a generalized transformation rule
for volumes of sequences of ideals J • , which a fortiori satisfies the intersection property, fails in lieu of the other assumptions employed in Theorem 2.9.
Note that the powers J • of J are characteristic ideals, but the inclusion map from R to S is notétale in codimension one. Since the contraction is integrally closed and (x 3 + x 2 a + xb) ⌈n/2⌉ = x ⌈n/2⌉ (x(x + a) + b) ⌈n/2⌉ ⊆ x ⌈n/2⌉ (x, b) ⌈n/2⌉ ⊆ (x, a, b) n ,
we obtain that J n ∩ R ⊇ (a n , b n , (x 3 + x 2 a + xb) ⌈n/2⌉ ).
In fact, this is an equality. Given a polynomial F (u, v, w), the order of F (a, b, x 3 + x 2 a + xb) as an element of S is equal to its minimal degree under the weighting |u| = |v| = 1, |w| = 2. Then, since any element of J n ∩ R has order at least n, any such element must lie in the integral closure of (a n , b n , (x 3 + x 2 a + xb) ⌈n/2⌉ ). Since (a 2 , b 2 , x 3 + x 2 a + xb) n ⊆ (a 2n , b 2n , (x 3 + x 2 a + xb) n ), vol(J • ∩ R) = lim n→∞ ℓ R R/(a n , b n , (x 3 + x 2 a + xb) ⌈n/2⌉ ) n 3 = 1 48 e(a 2 , b 2 , x 3 + x 2 a + xb) = 1 12 e(R) = 1 12 .
On the other hand, vol(J • ) = Example 5.2. Consider R = k x 2 , xy, y 2 ⊂ S = k x, y . Take the sequence of ideals J n = (x 4n , y 4n , x 2n+1 − y 2n ). Note that the inclusion of R into S is split and etale in codimension one, but the ideals J n are not characteristic. First, one has that vol(J • ) = 8. To see this, we note that J n = (x 2n+1 − y 2n , y 4n , x 2n−1 y 2n ), and that this generating set form a Gröbner basis with respect to the reverse lexicographic ordering. Then, the colength of J n is the colength of (x 2n+1 , y 4n , x 2n−1 y 2n ), which is 8n 2 .
Next, we claim that J n ∩ R = (x 4n , x 2n y 2n , x 2n−1 y 2n+1 , y 4n ). The containment "⊇" is clear. To see the other, suppose that F = Ax 4n + By 4n + C(x 2n+1 − y 2n ) ∈ J n and consists of only even degree terms. We can assume without loss of generality that F contains no monomial in the ideal (x 4n , y 4n ). We will show that in this case that C ∈ (x 2n−1 , y 2n ) ∩ R, which will justify the claim. Indeed, if C has a nonzero monomial x i y j with i + j even, then the odd degree monomial x 2n+1+i y j must be canceled by a term of the form x i ′ y j ′ y 2n = x i ′ y 2n+j ′ with i ′ = 2n + 1 + i and 2n + j ′ = j, and x i ′ y j ′ a supporting monomial of C, or else 2n + 1 + i must be at least 4n. This implies that this monomial lies in the specified ideal. A similar argument covers the case when i + j is odd.
An easy monomial count then yields that vol R (J • ∩ R) = 6.
